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Groups

1 Definition

The idea of a group has evolved from a concrete measure of symmetry of a math-
ematical object to an abstract algebraic structure in its own right. The work of
Lagrange, Galois and others on groups was motivated by studying the symmetries
of the roots of a polynomial equation.

The symmetry of an object is specified by its structure-preserving mappings
and the manner in which they compose with one another. It is this notion of a set
with a composition which is the basis of the definition.

A binary operation on a set G (typically denoted by a symbol like o) is a
function from G x G to G. We write the value of the function on the pair (g, 4) €

G x G (the result of ‘composing’ g and /) as go h.
A group is a set G with a binary operation o satisfying the following condi-

tions;

(G1) For all g,h,k € G, we have go (hok) = (goh) ok (the associative law).
(G2) There is an element e € G such that goe = eog=gforallgeG.
(G3) For any g € G, there exists g’ € G such that gog’ = g/ o g = e.
If it satisfies the additional condition / |
(G4) For all g,h € G, we have goh = hog (the commutative law),

it is said to be an Abelian group.
The set of symmetries of a mathematical object (suitably defined) always has

the structure of a group, where the operation is composition. For the composition
of two symmetries is a symmetry; the identity map is a symmetry; a symmetry is
a one-to-one and onto map, and so has an inverse, which is also a symmetry; and
composition of maps is always associative,

Symmetry groups can be generalised as follows. A permutation group is a
set G of permutations (one-to-one and onto maps) of a set Q which is closed
under composition, contains the identity map, and contains the inverse of each
of its elements. (A permutation group is a group: the associative law is again
automatic.) Thus, each symmetry group is a permutation group. A lot of work
has gone into deciding which permutation groups are symmetry groups of objects
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Let G be a group. A subgroup of Gisa non-empty subset which forms a group
in its own right, with respect to the operation inherited from G. That is, // must
satisfy the conditions

e forall hy,hy € H,we have hjohy € H (the closure law - if this were not so,
we would not have a well-defined operation on /);

e the identity of G is contained in ;
e the inverse of each element of H is in H.

In fact the second condition follows from the others, and all follow from the single
condition

e forall hy,h; € H, we have h; ohz_l €H.
We write H < G to denote that H is a subgroup of G.
Let H be a subgroup of G. The relation ~, on G defined by
x~yy ifandonlyif xy~'eH
Is an equivalence relation on H. Its equivalence classes are caller right cosets of
H in G, and are sets of the form

Hx={hx:he H).

The element x is called a right coset representative for the right coset Hx.
Dually, the relation ~; given by

x~y ifandonlyif x~'yeH

is an equivalence relation, whose equivalence classes are called left cosets of H in
G, and have the form

xH = {xh:he€ H}.

The left and right cosets of a given subgroup may give different partitions of the
group. But the number of elements in a coset of either type is equal to the number
of elements in the subgroup. (For right cosets, the correspondence 4 «— Ax is a
bijection between / and Hx. So the number of cosets of either type (the index of
H in G) is equal to |G|/|H|. We deduce Lagrange’s Theorem:

Theorem 2 The order of a subgroup H of a finite group G divides the order of G.
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of particular types such as graphs or designs. (Every permutation group is the

symmetry group of some suitably constructed object.)
Cayley's Theorem shows that, converscly, every group can be represented as

a permutation group. The proof is as follows. (This argument is stated for finite
groups but works more generally.) Let G = {g1,g2,...,2x} be a group. The Cay-
ley table of G is the n x n matrix with (i, ) entry k if g;og; = gx. It follows from
the group axioms (G2) and (G3) that the Cayley table is a Latin square. Thus, each
row is a permutation of {1,...,n}. Now it can be checked that, if 7; is the per-
mutation corresponding to the ith row, then ;o j =7 ifand only if g;og; = g4.
(Here the operation on permutations is composition.) Thus the permutations form

a group identical to G. _
We say that a group G with operation o and a group H with operation * are

isomorphic if there is a one-to-one correspondence from G to H so that, if gl
corresponds to /; and g, to Ay, then gy o g, corresponds to A * 3. Isomorphic
groups are ‘the same’ from an algebraic point of view, even though their elements

may be quite different. Thus, Cayley’s Theorem really states:
Theorem 1 Every group is isomorphic to a permutation group.

The order of a group is the number of elements in the group. It may be finite
or infinite, but we will be mainly concerned with finite groups.
Two very different examples of groups, one infinite and abelian, the other finite

and (almost always) non-abelian:
e the additive group Z of integers, with the operation of addition;

o the symmetric group S, of degree n; its elements are all permutations of the
set {1,...,n}, and the operation is composition of permutations.

2 Subgroups: Lagrange and Sylow

From now on we suppress explicit mention of the group operation, and write g g,
instead of gj og,. This is especially appropriate when we think of the group
operation as ‘multiplication’. At the same time, we write the group identity as 1,

and the inverse of g as g~ .
[Sometimes instead we think of it as ‘addition’, and write g1 +g. This is

especially common when the group is abelian. In this case, we write the identity
as 0, and the inverse of g as —g.]
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The converse of Lagrange’s Theorem is false; if |G| = n and m divides n, there
may be no subgroup of order m in G. One case where such a subgroup exists
is given by Sylow s Theorem, one of the most important theorems in finite group

theory.

Theorem 3 Let G be a group of order n = p*-b, where p is prime and p does not
divide b. Then

(a) G contains a subgroup of order p°;

(b) any two such subgroups P, Q are conjugate (that is, there exists x € G with
x1Px= Q — this implies that P and Q are isomorphic);

(c) the number of subgroups of order p? is congruent to 1 mod p and divides b.

A subgroup whose order is the exact power of the prime p which divides G is
called a Sylow p-subgroup of G.

3 Normal subgroups and homomorphisms

A subgroup H of G is said to be a normal subgroup if its left and right cosets
coincide, that is, if Hx = xH for all x € G. This can be expressed in various
equivalent ways, for example: H is a normal subgroup if and only if, forall h €
and x € G, we have x~'/ix € H. (The element x~'/x is called a conjugate of h.)

If H is a normal subgroup of G, then we can define an operation on the set
G/H of (left or right) cosets of / in G by the rule

HxoHy = H(xy).

(Of course it is necessary to show that the definition doesn’t depend on the choice
of coset representatives x and y.) It can be shown that, with this operation, G/H
is a group. This group is called the factor group or quotient group of G by H.
How do normal subgroups arise ‘in nature’?
A homomorphism from a group G to a group H is a function 8 : G — H with

the property that
0(g122) = 6(g1)0(g2)

forall g1,g, € G.
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Perhaps the most familiar cxample of a homomorphism is the function from
the additive group Z of integers to the group Z/nZ of integers modulo n, for some
positive integer n, which maps cach integer & to the congrucnce class & mod n. .

Another example is the sign map from the symmetric group S, to the multi-
plicative group {+1, -1}, which maps cach permutation to its sign. The sign of a
permutation g € S, is (=1)"=<®) where c(g) is the number of cycles of g.)

The kernel of a homomorphism 6 is the set

Ker(6) = {g€ G:0(g) = 14}

of elements of G mapped to the identity element of . The image is, as usual, the
sct

Im(6) = {6(g) : g € G}
of elements of H to which some element of G is mapped. These are described by
the Isomorphism T, heorem:

Theorem 4 Let 6 pe 4 homomorphism from G to H. Then
* Ker(0) is a normal subgroup of G;
* Im(6) is a subgroup of H;
® the factor group G/Ker(8) is isomorphic to Im(8).

Conversely, ifH is a normal subgroup of G, then there is a ‘canonical’ homomor-
phism having H as its kernel and G/H as its image.

Thus we may say simply ‘A normal subgroup is the kernel of a homomor-
phism.

4 Simple groups: Jordan—Hélder

A group G always has two trivial normal subgroups, the whole group G and the
identity {1}. It is called simple if it has no other normal subgroups, and composite
otherwise.

An example of a simple group is the cyclic group Cp of prime order p, con-
sisting of elements x' fori = 0,..., p— 1, with composition x'x/ = xi+/mod p. By
Lagrange’s Theorem, this group has no non-trivial subgroups at all!

If G is composite, with a non-trivial normal subgroup H, then we can often
reduce questions about G to questions about the smaller groups H and G/H. If
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either of these is composite, we can continue the process. Eventually we reach a
series

{1}=Gi<G <. <G6,=6

which cannot be further refined. Thus, for i = 1,...,r, we have that G;_, is a nor-
mal subgroup of G;, and Gi/Gi_) is simple. Such a series is called a composition
series of G, and the simple groups Gi/Gi- are the composition Jactors. We are
only interested in the composition factors up to isomorphism; they form a multi-
set, since a given simple group may be isomorphic to G;/G;_; for several values
of 7.

The Jordan-Hélder Theorem states:

Theorem 5 Any two composition series of a finite group G give rise to the same
mulltiset of composition Jactors.

In a sense, this reduces the study of finite groups to two parts:
¢ determine the finite simple groups;

® determine how a given multiset of finite simple groups can be ¢ glued to-
gether’ as the composition factors of a finite group.

To indicate just how far we are from a solution of the second problem, here
are some computational results obtained recently by Besche, Eick and O’Brien.
The number of groups of order 2000 or less is 49,910,529,484. Of these, more
than 99% have order 1024 = 210 However, for every group of order 210, the Ijst
of composition factors consists of a single group (the cyclic group of order 2)
with multiplicity 10. There is a sense in which the most complicated groups are
those of prime-power order; such a group has just one composition factor (cyclic
of prime order) with the appropriate multiplicity.

However, the first part of the problem has been solved as a result of a major
collaborative effort. We proceed to discuss this.

S The Classification of Finite Simple Groups

The Classification of Finite Simple Groups, or CFSG for short, is probably the
largest collaborative mathematical achievement ever. The first proof, covering an
estimated 15000 pages in articles often not directly on CFSG at all, was announced

/
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in 1980. It was subsequently found to contain a major gap. The ‘revisionism’ pro-
gramme was then launched to produce a sclf-contained proof; this was completed
in the carly 2000s. Work on a ‘third-generation’ proof is currently underway.

Even the detailed Statement of the theorem cannot be given here. Essentially
the result is as follows.

Theorem 6 A finite simple group is of one of the Jollowing types:
(@) a cyclic group of prime order;
(b) an alrernaring group Ay, forn > 5;
(c) a simple group of Lie type;
(d) one of 26 sporadic simple groups.

We have already seen the cyclic groups of prime order. Here is a brief descrip-
tion of the remaining groups.

The alternating group Ap consists of all even permutations of the set L I—
We saw earlier that it is the kernel of the sign homomorphism from the symmetric
group S, to C;, so it is a normal subgroup of S,,. Galois showed that, forn > 5, the
alternating group 4,, is simple (so that the composition factors of S, are A, and
).

Groups of Lie type are harder to describe. They are closely related to certain
matrix groups over finite fields. They fall into a number of families,of which the
simplest consists of the projective special linear groups PSL(n,q) = SL(n,q) /Z,
where SL(n,q) consists of all matrices of determinant 1, and Z is the normal sub-
group consisting of scalar matrices. Further families correspond to other ‘classi-
cal’ groups (symplectic, orthogonal and unitary) over finite fields, and there are
some ‘exceptional’ families constructed from exceptional Lie algebras or auto-
morphisms of other groups. Carter’s book [3] gives details.

The 26 sporadic groups have no uniform definition, but were constructed in-
dividually. See the ATLAS [4] for details.

6 Permutation groups

Another essay in this series describes aspects of permutation groups of relevance
to design theory. Here we give some corollaries of CFSG for permutation groups.
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: : ymmetric group S, (that is, a group whose ele-
ments arc pcrmutatl_ons and whoge Operation is composition). The number # is its
degree. A permutation group G is
® Iransitive if, for any two points of {1
”

++yn}, there is an element of G which
maps the first to the second;

® primitive if, for any subset Y of

{L,...,n} satisfying 1 < |¥| < n, there is an
element g € G wig, Y 3 g(v)

and Y Ng(Y) # o;

n) if, given any two ¢-tuples of distinct points, there
1S an element of which maps the first to the second.

Among the consequences of CFSG are the following:

e all finite ¢ iti

integers z, the only primitive groups of degree » are
mating groups;

® primitive groups have small order (with known exceptions);

e thereare only finitely many distance-transitive graphs of given valency (greater

Further details about many of these results appear in [2].

7 Computation

Most familiar programming languages and systems allow the user to handle in-
tegers, real numbers, and strings. Modern systen_qs often extend this to vectors,
complex numbers, etc. To deal with groups as easily, there are two systems avail-
able: GAP [5] and MAGMA [1]. o ' |
A permutation group often arises in practice as the a1.1t0m01ph1s.rn group of
some structure (graph, design, etc.) T'he program of choice for tf:stmg isomor-
phism of graphs and other combinatorial objects, and for calculatmg. their auto-
i is nauty [6]. The GAPshare package GRAPE includes an
E)lferff:lcimw%t?if;t y; the automorphism groups of graphs returned by the latter

/
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can be handled directly in GAP, The forthcoming package DESIGN will extend
this functionality to designs,

In the remainder of this css
handled in a computer,

A group is usually input to the computer by giving a sct of permutations which
generate it. Now given a sot of gencrators, the orpit of a point x (the sct of all im-
ages of x under elements of G) can be computed by an algorithm similar to that
ent of a graph: starting with x, add in any point

ay we sketch bricfly how pcrmutation groups arc

Now Schreier’s Lemma provides an algorithm which, given generators for a
group and coset representatives for a subgroup, finds generators for the subgroup.
So we can compute generators for the subgroup G fixing x.

Continuing this process, we find a sequence

G=G0>G1>-'->Gd={1}

of subgroups of G, where G; is the stabiliser of points x1,...,x;, for | < ; <d. At
this point we can calculate the order of G and can test any permutation for mem-
bership in G. Moreover, an element of G is uniquely determined by the images of
X1,-..,X4, 50 arbitrary elements of G can be represented in more compact form.

Using this Tepresentation, the packages enable the user to compute any group-
theoretical properties of interest, including (but far from limited to) Sylow sub-
groups, composition factors, images of homomorphisms, etc.

It should be mentioned that groups can be handled in other ways too. Instead

of permutation generators, we may give matrix generators, or abstract generators
and defining relations. ,
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CONTINUITY

Definition: A function f is continuous at a point x = a if

lim f(x) = f(a)

X->a

In otl}gr words, the function f is continuous at a if ALL three of the
conditions below are true:

1. f(a) 1s defined. (i.e., a is in the domain of /)
2. lim f(x) exists. (i.e., both one-sided limits exist and are equal at a.)
X—a

3. lim f(x) = f(a).

xX—a

If any one of the conditions is false, then we say that f is discontinuous at a,
or that it has a discontinuity at a.

A consequence of this definition is that if we know a function f is
continuous at a point x = a, then we also know that it has a limit at a, equal

to f(a). /



A function f* is said to be continuous from the right at @ if

lim f(x) = f(a).

x—)a’

A function £ is said to be continuous from the left at a if

lim f(x) = f(a).

x=a

A function f is said to be continuous on an interval if it is continuous at each
and every point in the interval. Continuity at an endpoint, if one exists,

means f is continuous from the right (for the left endpoint) or continuous
from the left (for the right endpoint).

ex. f(x)=1/x is continuous on (-0, 0) and on (0, ).

ex. f(x)=sinx is continuous on (—oo, ).

ex. f(x)=cscx is continuous on (0, ), (7, 27), (2, 3n), (3=, 4m), ...

Note: Usually, if we say a function is continuous, without specifying an
interval, we mean that it is continuous everywhere on the real line, i.e. the
set of all real numbers (=, ). Or that it is continuous at every point of its
domain, if its domain does not include all real numbers. /

Theorem:

(i.) Every polynomial function is continuous everywhere on (—oo, ).
(ii.) Every rational function is continuous everywhere it is defined, i.e., at

every point in its domain. Its only discontinuities occur at the zeros of its
denominator.

Corollary: If p is a polynomial and g is any number, then
lim p(x) = p(a).
xX=—>a
Similarly, if 7 is a rational function and a is any number where r is defined
then lim r(x) = r(a). ’
X—=>a



e

Fact: Every n-th root function, trigonometric, and exponential function is
continuous everywhere within its domain.
Continuity of the algebraic combinations of functions

If / and g are both continuous atx = a and c is any constant, then each of the
following functions is also continuous at a:

l.f+g (sum)

2. -8 (difference)

3. ¢f (constant multiple)
4. /2 (product)

5.flg, if g@=#0 (quotient)

ex. f(x)=x—2x+sinx and g(x)=x*cos x are both continuous on
(=0, ).

Continuity of composite functions

If g is continuous atx = a, and f is continuous at X = g(a), then the
composite functionf° g given by (f°g)(x)= f(g(x)) is also continuous at a.

That is, the composite of two continuous functions is continuous.
Example: Since both f(x) = x>+ 1 and g(x)=cosx are continuous on
(— o, ). Therefore, both

(feg)x)= cos’x+1, and
(g ° f)(x) = cos(x” + 1)

are continuous on (=, ®).



Discontinuitics

Types of discontinuitics:
Removable discontinuity
Infinite discontinuity

Jump discontinuity

How to identify the type of a discontinuity?

Suppose f has a discontinuity at x = a, but is otherwise continuous on some
interval containing a. Then it has

An infinite discontinuity at a if either (or both) of the two one-sided
limits is o or —oo. (Therefore,x=aisa vertical asymptote of /)
ex. f(x)=1/x, atx=0.

A removable discontinuity at a if the two one-sided limits exist and
are equal (i.c., the limit exists), but /" is either undefined at a, or

lim f(x) # f(a).
S f)=(*—4)/(x=2), atx=2

A jump discontinuity at a if the two one-sided limits are not equal
(and neither is an infinite limit).

2
ex. f(x):{x Tl o] atx=1.

1-x, x> 1



The Intermediate Value Theorem

Theorem: Supposc that £ is continuous on the closed interval [a, b] and let
N be any pumbcr between £(a) and f(b), where £ (a) # f (b). Then there
always exists a number c in the open interval (a, b) such that f(c) = N.

Application: Root-finding

If f is defined on [a, b] and if either
(i.) f(a)<0 and f(b)>0, or
(ii.) f(a)>0 and f(b) <0,

then the equation f (x) = 0 has (at least one) a root on (a, ).

Proof: Let N =0 be the intermediate value, which is between f'(a) and f (b).
Apply the Intermediate Value Theorem. The root will be atx = c.

Example: ¥ —x+1=0 hasarooton (-2, ~1).

Because f(—2) =5 andf(-1)=1.

Example: Prove that square roots of 2 are real numbers.

(Hint: they are the roots of ¥*—2=0.)



10.

11.

Continui i
mmuity (exercises with detailed solutions)

Verify that f () =T is continuous at Ty for every 2o > 0
; 0 2 U.
1
ify that f(z) = — — —j i
Verify f(z) T zo - continuous at 7y for every Ty # 0.
_ Draw the graph and study the discontinuity points of f(z) = [sinz]

Draw the graph and study the discontinuity points of f(z) = sinz — [sinz].

_ Draw the graph and study the discontinuity points of flz) = 272 -5r -3

T x2—4r+3°

_ Draw the graph and study the discontinuity points of f (z)= s

322 + 23"
Find k € R such that the function

2 .
f(IL‘): {213 + 4z, lfIZ 1
-z+k, ifz<l1

is continuous on [R.

_ Find a,b € R such that the function

log(1 + ), if-1<z<0
f(z)=( asinz +bcosz f0<z< 5
T ifz>7% /
is continuous on its domain.
: : - . log(1 + «?
. Determine the domain and study the continuity of the function f(z) = ————Og,?)___(_ sin:v)'

Draw the graph and study the continuity of the function
1 <
flz) = z[z], ifz#0
1, ifz=0.

Draw the graph and study the continuity of the function

f(z) = a;sin-i—, ifz#0
1, if z = 0.



1.

(-]

S 1 ]
In order to \1\1‘if‘\' that f(r

f(x) dependent op the

' _— | ) unper bound for
difference Te=gp \l:“”"g "" To, with xg > 0, we try to find an upy
To. We obtain

V- vig = Wi VR VE-yR)  z-a
VT + g IRVZEN

Since VT > 0 for every x> we have

IV - V| = irlol < "T—I"]'
VIt T Jze

determine § > 0, such that if |z — zo| < & then |f(z) — f(zo)| < &-
we have that we mugt find § > 0, such that if |z — zo| < 4 then

We now fix ¢ > 0, and we want to
From the previous inequality

|z = 2o -~
Vo '
T—z9| < VTog, hence we choose § < VZoE.

i — g or
with a fanction of z — 2o, \e hore upper bound for f(z) — f (o), dependent on the difference z — zg

The last inequality is €quivalent to |

. As in exercise 1 we have to find an

1 1_(80—:1)

T X T
If 2o > 0 (when x5 < 0 we proceed in the same way), then for every z € I =]z¢/2,3/2z0[ we have

Z x2
l".’l?o>?0-:l,‘0= 0

To—Z
2 <olzozal
TTo 1'0

- ll_i’z |zo — z|
T Zo
Hence, fixed € > 0, if we find § > ¢ such that |z — 29| < § implies glzocal €, we have finished. This
0

condition is equivalent to |z — | < €3, and the last inequality is satisfied for every z € I if we take
v}
6 <minf{e32, 20},

27 2

. Since sinz is 27-periodic, f is also 27-periodic. We then study f only on the interval [-7, ). Since

[n] = n for every n € Z, then f(z) = sinz when ¢ = —7, —7/2,0,7/2,7. Furthermore [y] = 0 for every
y € [0,1[, hence f(z) = 0 for every z such that sinz e [0, 1], that is for every z € [0, 7] \ {m/2}.

Similarly, since [y] = —1 for every y € [-1,0[, we have f(z) = —1 for every z such that sinr € [-1,0],
that is for every = €] — ,0].

We can then draw the graph of f. At +r and 0 has a discontinuity f of the first kind, indeed

lim f(.’L') =0, z—lvi:[g}r"’ f(.’E) =-1, lim f((l!) = -l Ili%l+ f(x) =0,

T—tr— g0
At 2o = /2 f we have i /
lim f(z)=0 wnd (3)=1 /

hence we can extend f at /2 to a continuous function.

- [ 18 2m-periodic and we study it on [~m,7]. To draw its graph we observe that f(n) = 0, vy, e Z, hence

f(z) = 0 for every z such that sinz € Z, that is when * = —m, —7/2,0,7/2, 7. Furthermore, since if

Y €]0, 1] we have y — [y] =y, then for every x €)0,m[\{m/2}, we lu.wc f(x) = sin . Since if y €] — 1,0[ we

have ;j— [y] = y‘+ 1, for every z €]m,0[\{=7/2}, we have f(z) = sinx + 1. Hence in ¢ = m0,7/2, % f has
2y —[y] = . :

a discontinuity of the first kind, indeed

. ) — H 7 = l, . ) -
lim f(z) =0, Illlil}r. fx)=1, lim f(x) rh-l(l)lr f(x) = 0.

xr=0"
Tt



- dom(f) =R\ {-3, 0}, and for every z € dom(f) we

A Tr . f car l |‘\'(\"d‘\(' '" n ”
' “.) 1 W
n n"”“' fl)lll'”“"

aince
M@ =1 g (5) =0
l ::::\(f.r) ;g\\“‘:}} Since the nmmerstor vanishea when 7 = 3 we can aimplify the fraction to N
f(,)h(_{:_.'_mzr+l) L2t L3
(=3)e-1) " 7=1 r=1

The graph of J can

be obtained f
9(*) = 1/z with som nd

the graph of
¢ translatijong ing

") and rescaling, At
T = 3 we can extend f 4 i ) i
indecd 3 ¢ Sl J 10 a continuous function, .
lim f(z) = um(2+i 7 "]
T3 T3 r-1/ 2
\\yhcnx: 1‘ “'c have -:. g -0’! :n T '. v ". N ". % 1’. 1’9 39
lim ) = — i E
A f(T) = —o, Jim f(z) = +oo. )
Thus z = 1 s 5 discontinuity point of the second !

kind.

have f(z) = 1/22. Hence we have

. '
Jm f(z) = 5, Jim (z) = +oo.

we can extend f in z = -3 to a continuous function;
z = 0 is a discontinuity point of the second kind.

- f is continuous for every z # 1, since it is a composition of continuous functions. Hence we just study the

continuity of f in £ = 1. f is continuous in z = 1 if both limits
im f(z)= lim (~z+k)=k-1, lim f(z) = lim (222 +4z) =6
T—1- T—1- r—1+ r—1t
are equal to f(1) = 6. We then impose k — 1 = 6 that is k = 7.

dom(f) =] — 1, +oo[. Furthermore on ] — 1,0}, ]0, 5[, 13, +oo the function f(z) is continuous because it
is a composition of continuous functions. We then study the continuity of f at = 0 and =X

We have

lim f(z) = lim log(1+z)=0, lim f(z)= lim (asinr + beosx) = b.
r—0~ r—0~ r—0- =0~
Hence f is continuous at 0 if and only if b = 0. Furthermore

lim f(zr)= lim (asinz+bcosz)=a, lim f(z)= lim = 77;"
x I""i‘~ -

1'-'5'* I—’!'— ‘—.i-



henee £ is continuous in a = 7z /2 jf
and only if 4
Y ila=n/2,

= R, indeed f
0. dom(f) = % or every x € R
jnuous since it s X we hay
contit t is & composition of Collllitlim 1422 > 1> 0and 3 -sinz > 2> 0. F
nuous functj g =8INT = . ko
tions,
kind.

ig not continuous when

0./ °  When T = 1/n

When x # 1/m £ s continuoe] ™ for every n € Z.\ {0}, These point are d f the first
2 mnsnre(iscontinnitics of the ors

)

rr_'very.TGIR/i"

js continuous when z # 0:
1. f n z #0; at 0 we have 4
zh—% f(:r) =, f(O) =T 06
hence W€ can extend f to s u:
the whole R. a continuous function on ]
02
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Elegy X: The Dream

Image of her whom | love, more than she,
Whose falr impression in my faithful heart
Makes me her medal, and makes her love me,
As Kings do coins, to which their stamps impant
The value: go, and take my heart from hence,
Which now s grown too great and good for me:
Honours oppress weak spirits, and our sense
Strong objects dull; the more, the less we see.

When you sre gone, and Reason gone with you,
Then Fantasy is queen and soul, and all;
She can present joys meaner than you do;
and more p i
$o,f)dream | have you, | have you,
For, all our joys are but fantastical.
And so I'scape the pain, for pain is true;

And sleep which locks up sense, doth lock out all

After 2 such frultion | shall wake,

And, but the waking, nothing shali repent;

And shall to love more thankful sonnets make
Than f more honour, tears, and pains were spent.
But dearest heart, and dearer image, stay;

Alas, true joys st bestare dream enough;

Though you stay here you pass too fast away:
For even at first life’s taper Is a snuff.

Filied with her love, may | be rather grown
Mad with much heart, than idiot with none.

John Donne

The Flea d

by JobnDonne

arke bt chis flea, and marke i dhis,

How fitele thar which thou deny'st me is;

Ir suck'd me firsr, and now sucks dhec,

_bnd i this fica, our neo bloods mmgled bec;

“Thou know'st that this camor be said

_ 4 sinne, wor shame, wor fosse of madenbead,
Vet this enoves before it wooe,
bl pamper'd swells with onc blood made of neo,
_bud this, alas, is more than wee wouli doc.

Oh stay, three fives in one fiea spare,
\Where wee alwost, vea more than marved are.
This flea is vou amd |, and this
Our marin ge bed, aud maria s h'm‘rf( is;
’Tl;oujfl parcues _qnh{ ¢ and i w'are met,
_And clovsterd in these livarg wals of ger.
“Though use make vou ape w0 kil mec,
Lr wot 1o dhat, selfe murder adied bec,
_tnd sacrifege, three simtes in kiltuny three.

Crtell and’ sodaine. hast thou since

Nurpled thy naile, m blood of mmocencc?

Wherein coufid dus fica giley bee,

Except in that drop which i sucke from thee?

y"[ 1/70” "’l“ﬂ"’[‘l.(r. ﬂ”l‘ Smist fr!ﬂr [(H"'

Fnd'sc ot thy selfe, nor mee the weaker now:
“Tis trie, then fearne how false, feares bec:
duse so much bonor, when dhou veeld'st 1o mee,
\ill wast, as this flea’s death tooke fife from thee.



Synopsis

The first two editions of John Donne's
poems were published posthumously, in
1633 and 1635, after having circulated
widely in manuscript copies. Readers
continue to find stimulus in his fusion of
witty argument with passion, his
dramatic rendering of complex states
of mind, and his ability to make
common words yield up rich poetic
meaning. Donne also wrote songs,
sonnets and prose.

John Donne was born
into a Catholic family in
1572, during a strong
anti-Catholic period in
England. ... At age 20,
Donne began studying law at Lincoln’s
Inn and seemed destined for a legal or
diplomatic career. During the 1590s, he
spent much of his inheritance on
women, books and travel. Jun 26,2019

Birth Date: c. 1572

Education: University of Cambridge,
Lincoln’s Inn, University of Oxford
Death Date: March 31, 1631
Occupation: Poet
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BORN
1552 or 1553
London, England

DIED
January 13, 1599
London, England

NOTABLE WORKS
e ‘“The Faerie Queene’
« “The Shepheardes Calender”
« “Mutabilitie Cantos”
o “Amoretti’
o “Complaints”
« “A View of the Present State of Irelang”
« “Colin Clouts Come Home Again®
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- fom the Queen. He probably ho

1 woulq

enser (/'spensay/:
dmt:}grsﬁf_@—e—’iggﬁéﬁé. 1?\52;1)305229‘ 13 January 1599) was an English poet best
moTud,QLQX_'la_S_tY and Elizabeth | 1o is rem and fantastical allegory celebrating
e cent Modern English verse

 aNd is often cor 204 a8 one of the premier craftsmen of
nablich language. Edmung Spenser Considered one of the greatest poets in the
e

1552, though there is st Was born in Eagt Smithfield, London, around the

SOme ambia i ) '
 enthood is obscure, but he was pro?;)tl)?; 't 33 10 the exact date of his birth, His

hg SOn of John Spenser, a journeyman

ted in London at the Merchant Taylors'
Ollege, Cambridge.”™™ While at

€y and later consulted him, despite their

ame for a short time secretary to John Young,

of Gabrie| H
jering VIEWS ON POCHY. In 1578 he paca or

gishop of Rochester." In 1579

ity » N€ publis
B wame time maried s fist Wife?Macr?ed The Shepheardes Calender and around

gyvanus (d.1638) and Katherine abyas Childe. ™ They had two children,

1o England, Spenser stayed
nthe Munster Plantation. Raleig
the Second Desmond Rebellion. §

SOUl] ooking the river Blackwater in North Cork.
its ruins are still vnsﬂ;lg today. A short distance away grew a tree, locally known as
"Spenser's Oak™ until it was destroyed in a lightning strike in the 1960s. Local legend

has it that he penned some of The Faerie Que

ene under this tree ®
In 1590, Spenser brought out the fi

rst three books of his most famous work, The Faerie
Queene, having travelled to Londo

n to publish and promote the work, with the likely
ccessful enough to obtain a life pension of £50 a year
ped to secure a place at court through his poetry, but

his next significant publication boldly antagonised the queen's principal secretary, Lord

- Burghley (William Cecil), through its inclusion of the satirical Mother Hubberd's

Tele." He returned to Ireland.

- 1591, Spenser published a translation in verse of Joachim Du Bellay's sonnets, Les

Anfiquités de Rome, which had been published in 1558. Spenser's version, Ruines of
Rome: by Bellay, may also have been influenced by Latin poems on the same subject,
Witten by Jean or Janis Vitalis and published in 1576.1""

By 1594, S enser's first wife had died, and in that year he married a much younger
Blizabeth Brt))yle sister of Richard Boyle, 1st Earl of Cork. He addressed to her tge
Sonnet sequenc'e Amoretti. The marriage itself was celebrated in Epithalamion." They
%d a son named Peregrine.”

I 150g, Spenser wrote a prose pamphlet titled A View of the Present State of Ireland.

This Piece, in the form of a dialogue, circulated in ma_nuscrlpt, remalnlng.unpuphshed

Until the mid-seventeenth century. Itis probable that it was kept out of prm; during the

“hor's Jifetime because of its inflammatory content. The pamphle} argue thatdlreland
never be totally “pacified” by the English ,”"t" its (l‘r:ldugenous ATigHagR.an

“stoms hag been destroyed, if necessary by violence.

‘ iven from his home by the native
‘:S1h5? 8, during the Nine Years' War, Spenser was dr

Orces of Aodh O Néill. His castle at Kilcolman was burned, and Ben Jonson, who



iave had private information, asserted that one of his infant children died in the

ome, 1599, Spenser travelled to London,

age of forty-six - “for want of bread", according to Ben
20 - one of Jonson's more dou

" A ried twice. His sister Sarah, who had
npanied him to Ireland, married into the Travers family, and her descendants

centuriesInfluencesiedit

2 ssical literature, scholars have noted that his poetry

tradition, but rather is distinctly his. This individuality may have resulted,
1e extent, from a lack of comprehension of the classics. Spenser strove to emulate
inCIgnt Roman poets as Virgil and Ovid, whom he studied during his schooling, but
of his best-known works are notably divergent from those of his
>essors.™ The language of his poetry is purposely archaic, reminiscent of earlier
sx_Jch as The Canterbury Tales of Geoffrey Chaucer and //
iniere of Francesco Petrarca, whom Spenser greatly admired.

glican® and a devotee of the Protestant Queen Elizabeth, Spenser was

llarly offended by the anti-Elizabethan propaganda that some Catholics circulated.
Iost Protestants near the time of the Reformation, Spenser saw a Catholic church
corruption, and he determined that it was not only the wrong religion but the anti-
n. This sentiment is an important backdrop for the battles of The Faerie Queene.?

er was called "the Poet's Poet" by Charles Lamb,” and was admired by John

- William Blake, William Wordsworth, John Keats, Lord Byron, Alfred

son and others. Among his contemporaries Walter Raleigh wrote a commendatory
to The Faerie Queene in 1590, in which he claims to admire and value Spenser's
10re so than any other in the English language. John Milton in

*opagitica mentions "our sage and serious poet Spenser, whom | dare be known

< a better teacher than Scotus or Aquinas”.?” In the eighteenth century, Alexander
ompared Spenser to "a mistress, whose faults we see, but love her with them

p_rominent Iandowners in Cork for

Ih Spenser was wel| read in cla
10t rehash
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Vgeorge Chapman
~

t"rgc Hitchi \ : G Ch
Lpman (Hitchin,  Hertfordshire, CA560 - eorge Chapman
hs v o T >
odone 12 May 1634) was an o

Jich dramatist, translatorand poet.  He
ssical scholar whose work shows the influence
‘oicism. Chapman has been speculated to be
,‘Riml Poet of Shakespeare's sonnets by William
0. and as an anticipator of the metaphysical
 of the 17th century.  Chapman is best
embered for his translations

Homer's Iliad and Odyssey, and the
meric Batrachomyomachia.

was

v UK Tl
ontents George Chapman. Frontispiece engraving
for The Whole Works of Homer (1616)
‘e and work attributed to William Hole
ys Born c. 1559
Comedies Hitchin, Hertfordshire, England
Tragedies Died 12 May 1634
Other plays London
et and translator Occupation  Writer
)mage Nationality  English
lotes Period Elizabethan
salis Genre Tragedy, translation
Notable Bussy D'Ambois, translations
tes works of Homer
sliography T -

ternal links

fe and work

pman was born at Hitchin in Hertfordshire. There is conjecture that he studied at Oxford but
not take a degree, though no reliable evidence affirms this. Very little is known about
pman’s early life, but Mark Eccles uncovered records that reveal much about Chapman's
tulties and expectations.[*! In 1585 Chapman was approached in a friendly fashion by John
fll, Sr., who offered to supply a bond of surety for a loan to furnish Chapman money "for his
"r use in Attendance upon the then Right Honorable Sir Rafe Sadler Knight." Chapman's
Ay ambitions led him into a trap. He apparently never received any money, but he would be
sled for many years by the papers he had signed. Wolfall had the poet arrested for debt in 1600,
“when in 1608 Wolfall's son, having inherited his father's papers, sued yet again, Chapman's
'Tesort was to petition the Court of Chancery for equity.!?! As Sadler died in 1587, this gives
Man little time to have trained under him. It seems more likely that he was in Sadler's
*hold from 1577-83, as he dedicates all his Homerical translations to him,

L




an spent the (lza;]y 1590s abroad, and saw military action in the Iow Countries fighting
P »d English al Sir Francis Vere Tlie aol: ' s fighting
bizf renownui Elqu] ‘ ;é;'nc'; al Sn.l rancis Vere, His earliest published work were the obactire
1"10501)])]0;]] p()CllL 1c snadow ”/ N'ghl (15()1‘) c""(l ()I.‘,'({'_q ”(”"””’I ”/‘ ."l'(”“"(’ (|r,()p)) '[']", | itter
1 . s . b JJ ; 1c >

H. peen taken as a I‘CS.])O‘]}S(‘ to the erotic poems of the age, such ag Philip Sidney's Astrophil and
W akespeare ) " sy b )

;Jﬂ and Shake sp]t are sf ;mu« m;d/\dmns. Chapman's life was tronbled by debt and his inability
‘ atron whose fortunes dj Tityens ‘ : y ¢ ‘

find @ l’:y & Diifce Wi l( ": not (|(‘(.|l.m. Robert Devereux, Second Farl of Fesex and the
e of | ‘ﬂ_ €5, = enry both met their ends prematurely, The former was executed for
gson DY Elizabeth T'in 1601, and the latter died of typhoid fever at the age of eighteen in 1612
‘qpmﬂn's resultant poverty did

not diminish his ability or his standing among his
w Elizabethan poets and dramatists,

pman died in London, having lived his |
s in the Fields. A monument to him de
winside the church.

atter years in poverty and debt. He was buried at St
signed by Inigo Jones marked his tomb, and stands

1S

nedies

he end of the 1590s, Chapman had become a successful playwright, working for Philip
slowe and later for the Children of the Chapel. Among his comedies are The Blind Beggar of
mdria (1596; printed 1598), An Humorous Day's Mirth (1597; printed 1599). All
s(printed 1605), Monsieur D'Olive (1605; printed 1606), The Gentleman Usher (printed
), May Day (printed 1611), and The Widow's Tears (printed 1612). His plays show a
1gness to experiment with dramatic form: An Humorous Day's Mirth was one of the first plays
‘written in the style of "humours comedy" which Ben Jonson later used in Every Man in His
our and Every Man Out of His Humour. With The Widow's Tears, he was also one of the first

rs to meld comedy with more serious themes, creating the tragicomedy later made famous
aumont and Fletcher.

so wrote one noteworthy play in collaboration. Eastward Ho (1605), written with Jonson
ohn Marston, contained satirical references to the Scottish courtiers who formed the retinue
new king James I; this landed Chapman and Jonson in jail at the suit of Sir James Murray of
0ol, the king's "rascal[ly]" Groom of the Stool.[3] Various of their letters to the King and
men survive in a manuscript in the Folger Library known as the Dobell MS, and published by
raunmuller as A Seventeenth Century Letterbook. In the letters, both men renounced the
ling line, implying that Marston was responsible for the injurious remark. Jonson's
ersations With Drummond" refers to the imprisonment, and suggests there was a possibility
oth authors would have their "ears and noses slit" as a punishment, but this may have been
nelaborating on the story in retrospect.

nan's friendship with Jonson broke down, perhaps as a result of Jonson's public feud
nigo Jones. Some satiric, scathing lines, written sometime after the burning ot Jonson's desk
Apers, provide evidence of the rift, The poem lampooning Jonson's aggressive behaviour and
lieved superiority remained unpublished during Chapman's lifetime; it was found in
"ents collected after his death.

tdieg




Lad
|

'S greatest tragedies took the
ans 57 -
prench history, the French

! I subject matter from
P"‘Pt ambassador taking offe

. nee
#111 least One occasion.  Thege

|

ym

include Bussy
wedy of Charles,
of Bussy D'Ambois (1613)
ral of France (published
banned from the stage—
ondon, the plays were
and unexpurgated forms by the

he French ambassador probably
} offence to a scene which portrays Henry 1IV's wife and

gress arguing and physically fighting. On publication, the
;nding material was excised, and Chapman refers to the play
pis dedication to Sir Thomas Walsingham as "poore
nembered  Poems". His only work of classical
edy, Caesar and Pompey(written 1604, published 1631),
ough "politically astute", can be regarded as his most
Jest achievement in the genre. [51(6]

?ms(l(m,?). The: Conspiracy and 7y,
saﬂfnymnx(IhnS?,I’u‘vaungp
[1“ 1?}0 Tragedy of Chabot, Admi
€ The two Byron plays were
i when the Court left |
11'1‘m‘d in their original
jaren of the Chapel.l4] T

ier plays

, London.
pman wrote one of the most successful masques of  he Churchof St. Giles, Lon J‘J,‘,_i
Jacobean era, The Memorable M. the Middl O eSS
e —— rable Masque of the Middle paid for by Inigo Jones
iple and Lincoln's Inn, performed on 15 February 1613.
ording to Kenneth Muir, The Masque of the Twelve

iths, performed on Twelfth Night 1619 and first printed by John Payne Collier in 1848 with no
10r's name attached, is also ascribed to Chapman.m

pman'’s authorship has been argued in connection with a number of other anonymous plays of
aral81 F.G.F leay proposed that his first play was The Disguises. He has been put forward as the
101, in whole or in part, of Sir Giles Goosecap, Two Wise Men And All The Rest Fools, The
ntain Of New Fashions, and The Second Maiden's Tragedy. Of these, only 'Sir Gyles Goosecap'
enerally accepted by scholars to have been written by Chapman (The Plays of George
pman: The Tragedies, with Sir Giles Goosecap, edited by Allan Holaday, University of Illinois
38, 1987).

1654, bookseller Richard Marriot published the play Revenge for Honour as the work of
pman. Scholars have rejected the attribution; the play may have been written by He
pthorne. Alphonsus Emperor of Germany (also printed 1654) is generally considered
€ Chapman attribution.[9]

nry
another

*lost plays The Fatal Love and A Yorkshire Gentlewoman And Her Son were assigned to
Pman in Stationers' Register entries in 1660. Both of these plays were among the ones
royed in the famous kitchen burnings by John Warburton's  cook. The lost
}yChristianetta(registered 1640) may have been a collaboration between Chapman and Richard

?m(f, or a revision by Brome of a Chapman work.
|

|
2t and translator

|
E




4
|

oms l?y Chapmfm lrfclude: D(? Guiana, Carmen Epicum (1596), on the exploits of
;"Wf s Raleigh; a continuation of Christopher Marlowe's unfinished Hero and Leander (1598);
?";Zthy’"iae Raptus; or the Tears of Peace (1609).

)

A ave considered ChapI‘nan to be the "rival poet" of Shakespeare's sonnets (in sonnets 78-86),
{:‘-::“l o conjecture places him as one in a large field of possibilities.[101(11]

g 1 9§ he published his tra'nslation of the Iliad in instalments. In 1616 the
lete Iliad fﬂld O(?ysscy f\ppearcd in The Whole Works of Homer, the first complete English
dation, which until Pope's was the most popular in the English language and was the way most
.';:ish speakers encountered these poems. The endeavour was to have been profitable: his patron,
e Henry, had promised him £300 on its completion plus a pension. However, Henry died in
,and his household neglected the commitment, leaving Chapman without either a patron or an
yme. In an extant letter, Chapman petitions for the money owed him; his petition was
fective. Chapman's translation of the Odyssey is written in iambic pentameter, whereas
liad is written in iambic heptameter. (The Greek original is in dactylic hexameter.) Chapman
r extends and elaborates on Homer's original contents to add descriptive detail or moral and
»sophical interpretation and emphasis. Chapman's translation of Homer was much admired
ohn Keats, notably in his famous poem On First Looking into Chapman's Homer, and also
rattention from Samuel Taylor Coleridge and T. S. Eliot.

yman also translated the Homeric Hymns, the Georgics of Virgil, The Works of Hesiod (1618,
cated to Francis Bacon), the Hero and Leander of Musaeus (1618) and the Fifth

e of Juvenal (1624).

yman's poetry, though not widely influential on the subsequent ex?élopment of English poetry,
1ave a noteworthy effect on the work of T. S. Eliot.[12]

mage Z |

ercy Bysshe Shelley's poem The Revolt of Islam, Shelley quotes a verse of Chapman's
ymage within his dedication "to Mary_____ ", presumably his wife Mary Shelley:

There is no danger to a man, that knows
What life and death is: there's not any law
Exceeds his knowledge; neither is it lawful
That he should stoop to any other law.[13]

rish playwright Oscar Wilde quoted the same verse in his part fiction, part literary criticism,
Portrait of Mr. W.H.".[14]

English poet John Keats wrote "On First Looking into Chapman's Homer" for his
d Charles Cowden Clarke in October 1816. The poem begins "Much have T travell'd in the
1 of gold" and is much quoted. For example, P. G. Wodehouse in his review of the first novel
& Flashman Papers series that came to his attention: "Now I understand what that t\vl\elx a
Planet swims into his ken' excitement is all about."!5] Arthur Ransome uses two references

i <o [16]
'tin his children's books, the Swallows and Amazons series.[10]

lot
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